Simple Linear Regression

Matrix Representation

Ravleen Bajaj
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o Verify the six facts discussed in Lecture 14, matrices, derivatives, and
expectations by writing out scalar-level calculations.

@ Characterization and marginalization of the MVN distribution
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We will use these vectors throughout the verifications:

w1 21

A (1 0 2)
W — w |, Z= |22, = .
011/, .

w3 Z3
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—W Z=

ow
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g2
—w z=12z
ow
Verification:
4l 3
w'z = (W1 Wo W3) |z | = w1z + Wozo + W3z3 = E w; Z;
z i=1
— (w121 + wozp + w3z3) = z;
ow;
Generally,

n
w'z = E w;z;
i=1
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Verification: Both sides are

zZ1 3
wz=(w w w3) | 2| =wizi+wz+ wzz = E w;zj,
73 i=1
and
wyq 3
z’w= (21 Z 23) N wo | = 3wy + owWo + Z3W3 = g w;z;.
w3 i=1

Generally, w'z=3Y"_  wizi => " ziw; = z'w
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a%(w'A'Aw) —2A" A w.
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9
ow
Step 1: Compute w’(A’A)w:

(WA'Aw) = 2A" A w.

10
10 2
w(AA)w=w [0 1 w
) 1 01 1

1 0 2
= (W1 wWo W3) 01 1)
2 15
= w1 (1wg + Own + 2ws) + wy( 0W1 + 1wy + 1wg)+
w3(2wy + 1wy + 5ws)

= W12 + W22 + 5W3? + 4wy ws 4+ 2wo ws,
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Fact 3 (Contd.):

Step 2: Compute 2A’ A w:

1 0 2 wi
2APAw =20 1 1 wWo
2 15 w3
2 0 4 w1
=10 2 2 Wo
4 2 10 w3
2wy + 4ws
= 2W2 + 2W3

4wy + 2wy + 10ws
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Fact 3 (Contd.):

Step 3: Compute aiwi(wl2 + W22 + 5W§ + dwyws + 2W2W3)

o
S
S

i (W12 + W22 + 5W32 + 4wyws + 2W2W3) =2w; + 4ws

2] 8(2/2 (Wl2 + W22 + 5W§ + dwiws + 2W2W3) = 2wy + 2wz
o aim(wlz + W22 + 5W§ + 4w ws + 2W2W3) = 4wy + 2wy + 10ws

2wy + 4w
= %(W'A'AW) = 2W2 —+ 2W3

dwq + 2W2 + 10W3
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Fact 3: Generalization

Let
di1 4di1i2 ... alp w1
a1 ax» ... axp w2
A= , W=
dnl dn2 ... dnp nxp Wp
Then

aiiwy + appwo + - - - + a1pWp

aiwy + appwo + - - - + apWp
Aw =

aniwi + appwo + - - -+ appWp
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Fact 3: Generalization (Contd.)

w' (A A)w = (Aw)'(Aw).

That is, w’(A’A)w is the inner product of Aw with itself.

w'(A'A)'w = (Aw)'(Aw) = |[Aw|*> = (anws + aipwz + - - + ajpw,).
i=1
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Fact 3: Generalization (Contd.)

Expanding the sum gives:

p P
W,(A/A)W = Z Z ajjdik WjWi.

Grouping by j, k:

The coefficient of w;wy is the (j, k)t entry of A'A:

(A/A)jk = Z a,-ja,-k.
i=1
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For a random column vector Z = (Z;, Z»)" and constant matrix A ,

E[Z) = (E[Z4).E[Z))',  E|AZ]=AE[Z].

Verification: Compute the expectation componentwise:

ElZ] = (E[z], E[Z]).
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Fact 4 (Contd.):

Let A; be the i*" row of A. Then we need to compute E[A;Z] for each i

So
_ (E[AZ]
e1n2) = (o)

while

AE[Z] = AE[Z] = (22) (Elzl, E[2]) = (ﬁﬂ?ﬂ) '

Hence E[AZ] = AE[Z] .
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Fact 4: Generalization

Let

Z: 5 A: (aij)nXp.

Then each component of AZ is

p
(AZ); = a5 Z;.
j=1
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Fact 4: Generalization (Contd.)

By the linearity of expectation,

j=1
Stacking these
E[z]

E[Z;]

E[AZ] = A = AE[Z].

£z,
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A’A is symmetric. If A’A is invertible, its inverse is symmetric.
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A’A is symmetric. If A’A is invertible, its inverse is symmetric.

We know,
1 0 2
AA=|0 11
2 15
Check symmetry by transposing:
102\ /102
AA=[01 1] =[01 1]=AA
2 15 2 15

So A’A is symmetric.

Here det(A’A) = 0, so A’A is singular and does not have an inverse.
Intuition: A is 2 x 3 so rank(A) <2 < 3, hence A’A (a 3 x 3 matrix)
cannot be full rank and is singular.
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Fact 5: Generalization

Recall that for any matrices B and C with compatible dimensions,
(BC) = C'B.

Apply this property with B = A’ and C = A.
Then
(A'AY = A'(A) = A'A.

Thus A’A is symmetric.
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Fact 5: Generalization (Contd.)

If A’A is invertible:
Let B = A’A. Then,

(B—l)/ _ (Bl)—l _ B_l.

Hence, the inverse of a symmetric and invertible matrix is also symmetric.
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Fact 6: Generalization

Var[AZ] = A Var[Z] A'.

By definition:

Var[Zl] COV[Z:[7 ZQ] cee COV[Zl7 Zp]
COV[ZQ7 Zl] Var[Zz] s COV[ZQ, Zp]
Var[Z] = Cov|[Z] =
Cov(Z,, Z1] Cov[Zp,Zo] --- Var[Z,]
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Fact 6: Generalization (contd.)

By definition of variance for a random vector,
Var[AZ] = E[(AZ — E[AZ])(AZ — E[AZ])].
Since A is constant and E[AZ] = AE[Z],
Var[AZ] = E[A(Z — E[Z])(Z — E[Z])'A"].
Using the linearity of expectation and the fact that A is non-random,
Var[AZ] = A E[(Z — E[Z])(Z - E[Z])/} A

But
E[(Z - E[Z))(Z - E[2])] = Var[Z].
Hence,

Var[AZ] = A Var[Z] A'.
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Zy

1 0 2
A:(o 1 1>’ 2=~
Z3

Suppose
1 02 04
Var[z] = [02 1 03
04 03 2

Compute

Var[AZ] = A Var[Z] A'.
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Fact 6 (contd.):

First multiply:

1 02 04
A Var(Z] 1 0 2 02 1 03 1.8 0.8 4.4
ar|Z| = . 3| = .
011 04 03 2 0.6 13 23

Then multiply by A’
10
, 1.8 0.8 44 10.6 5.2
AVar[Z]A = 01| = .
06 1.3 23 5 1 5.2 3.6

10.6 5.2
AVar[Z|A = ,
5.2 3.6

Hence
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Fact 6 (contd.):

Let the rows of A be

a1 = (1707 2)a ax = (07 17 1)
Then

Var[AZ] = (

Var[a1Z] Cov[a1Z,ayZ]
CovlazZ, a1 Z] Var[azZ]

Compute each term:

1 02 04
Var[a1Z] = a; Var[Z]a] = (1,0,2) |02 1 0.3
04 03 2

= 10.6,

N O

Var[apZ] = (0,1,1) Var[Z] (0,1,1) = 3.6,
Covl[a1Z,ayZ] = (1,0,2) Var[Z] (0,1,1) = 5.2.
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Multivariate Normality of Y

@ Y is a linear function of normally distributed random variables and is
therefore multivariate normal distributed

Y=XB+¢e, e~ N(O,N)

@ The variance-covariance matrix of Y is

Var[Y] = Var[e] = A

@ The expected value of Y is

E[Y] = XB + E[e] = XB
@ Hence, Y ~ N(X3,N)
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Multivariate Normal Distribution

A random vector
21

2>
Z =
Zp
is said to have a multivariate normal distribution with mean vector p

and covariance matrix X if its density is

f(z) = Wi’zwzexp{ (z—p)T Yz— p)h.

We write
Z~ Np(pu, X).
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Characterization by Mean and Covariance

The distribution of a multivariate normal vector Z is completely
determined by:

g?} Var(Zy)  Cov(Zi, Z)
p=| 7 s _ | Cov(zo, 1)  Var(zn)
E[Zp]

@ L gives the center of the distribution.
@ X gives the spread of the distribution.
@ Every linear combination of Z with a scalar is normally distributed.
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Independence and Factorization

o If Z1,2>,...,Z, are independent, then X is diagonal and vice-versa
only in case of normal density.

o2 0 0

0 o2 . 0

Y 2 .
0O O 0,2]

@ The joint density factors as

f(z) = ,-lf[l \/2i770'i exp{—; (Zi ;I_“f)z}

e Each Z; is an independent N(u;, 0?)
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Thank You!

Questions?
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